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Abstract: In this paper, we shall define the properties for arbitrary topological
spaces such as a(y y)-connected spaces and po-compact spaces and shall prove
the appropriate theorems with counter examples.Also we established that,oy x)-
locally connectedness is an a(y »)-open hereditary and we conclude that y-operation
defined by Ogata is an restriction of A-operation.
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1. Introduction

In 1979, Kasahara [15] initiated the concept of an operator («) associated to a
topology and gave some definitions which are equivalent to the usual ones when the
operator involved is the identity operator. In 1991, Ogata [24] called the operation
« as y-operation on 7 and defined and investigated the concept of operation-open
sets, that is y-open sets. He defined the complement of a y-open subset of a space
X as v-closed. He also proved that the union of any collection of y-open sets is
~v-open but the intersection of any two vy-open sets need not be y-open. Therefore
the collection of y-open sets need not be a topology on X. Krishnan. et al.
[17] and [18] defined two types of sets called y-preopen and 7-semiopen sets of a
topological space (X, 7) respectively. Kalaivani. et al. [14] defined the notion of
a-y-open sets. Basu. et al. [8] used the operation v to introduce y-$-open sets.
Also Carpintero. et al. [10] defined the notation of y-b-open sets of a topological
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space (X, 7). In 2013, Barvan A. Asaad. et al. [3] initiated a new class of sets
called ~-regular open sets in a topological space (X, 7) with an operation v on
7 together with its complement which is v-regular closed. Also they defined a
new space called y-extremally disconnected and obtained several characterizations
for v-extremally disconnected spaces by utilizing vy-regular open sets and y-regular
closed sets. In 1965, Njastad [23] defined and investigated a new class of generalized
open sets in a topological space called a-open sets. H. Z. Ibrahim [13] established
and discussed an operation of a topology aO(X) into the power set P(X) of a
space X and also he introduced the concept of a,-open sets. In 1992, Umehera.
et al. [27] defined and discussed the properties of (7,7’)-open sets. Khalaf. et al.
[16] initiated the notion of aO(X, 7).y, which is the collection of all a(, ,y-open
sets in a topological space (X, 7). In 2018, Hariwan Zikri Ibrahim [12] defined and
investigated the idea of aO(X, 7)) which is the assortment of all o, y-open
sets by using the operations v and 7’ on a topological space a«O(X, 7). Levine [26]
initiated the concept of semi-open sets in topology. In 1987, Bhattacharyya. et al.
[9] used semi-open sets to define the notion of semi-generalized closed sets. Assad
[2] initiated and discussed the notion of an operation ~ on the class of generalized
open sets in (X, 7) and studied some of its applications. In 2017 - 2018, Ahmad
and Assad ([1], [5]) introduced an operation vy on the class of semi generalized open
sets of X and discussed some types of separation axioms, functions and closed
spaces with respect to 7. Asaad and Ameen [6] introduced an operation on the
class of generalized « - open sets and studied some of its properties. Recently,
Assad et al. introduced the notion of an operation v on the class of supra open
sets in topological spaces, and investigated some important properties of it. The
concept §2-closed set was instigated and discussed by Lellis Thivagar [19]. In 2019,
Meenarani. et al. [21] defined the concept of an operation v which was extended
to the class of Q2-open sets and it leads to the initiation of the notion of vo-open
sets on a topological spaces (X, 7) and derivation of some basic properties of -
closure. The definition of connectedness for a space is natural one and the notion
of connectedness is not nearly so natural as that of compactness. In this paper, we
define oy yy-connected spaces and we study jpo-compact spaces associated with a
topology. Also we examine some characterizations of a(y yy-connected spaces and
give some properties of ugo-compact spaces using stable operator.

2. Preliminaries

Definition 2.1. Let (X, 7) be a topological space and let M be a subset of X. Then
M is ao—open if M C int(cl(int(M))). The collection of all «—open sets is denoted
by aO(X).
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Definition 2.2. A mapping X : aO(X) — P(X) is an operation if M C (M) for
all M € aO(X), where A(M) is the value of \ at M.

Definition 2.3. Let (X, 7) be a topological space and let M C X. Then M is

(1) (X, X)-open [21] (o ay-open (7)) if for all x € M, there exist open sets (re-
spectively a-open sets) P and @ containing x such that A(P) U XN (Q) C M.

(2) [\, N] - open [21] (apj-open [21]) if for all x € M, there exist open sets
(respectively « - open sets) P and Q containing x such that A\(P)NN(Q) C M.

The following example shows that open and oy y)-open are independent.

Example 2.4. Let X = {1,2,3,4} and let 7 = {0, X, {4},{2,4},{3,4}, {1,2,4},
{2,3,4}} be a topology on X. Define the operations A and A’ by

CTM it M e {{1,4),{1,3,4}) oo [dM) if M=1{2,4)
A =\ (M) otherwise and N(M) =1\ 0 i v (o) |
Here {2,4} is open but not a(y x)-open and {1,4} is o yy-open but not open.

3. a(v)-Connected Spaces
Using ay ay-open sets, we define oy yy-connected spaces and examine some of
its characterizations.

Definition 3.1. A topological space (X, T) with operations X and N on aO(X)
is axvy-connected if there is no disjoint pair M and N of ay yy-open sets such
that M UN = X.

Example 3.2.

(1) In (R, 7) where R is the set of real numbers and 7 is the usual topology on
R, the a-open sets are of the form (a,b). Define A = X : aO(X) — P(X)
by AM(M) = N(M) =M for all M € aO(X). In this topological space the
aoxvy-open sets are of the form (a, b). Therefore there does not exists a pair
of disjoint ary xy-open sets M and N such that M UN = X. Thus (R,7) is
a(x,\)-connected.

(2) R with lower limit topology is not a xy-connected under the same operations
A and )\ defined in the above example because the oy y)-open sets are of the
form (a,b) and [a, b). Therefore (—oo0,1)N[1,00) = @) and (—o0, 1) U[1,00) =
R.

Definition 3.3. Let (X, 7) be a topological space and' Y C X. Then the collection
of axny-open sets in'Y s Taguany = {Y N M : M is oany-open in X}
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Remark 3.4.

(a) A topological space (X, T) is oy ny-disconnected if and only if there exists a
non-empty subset M of X which is both a(x xy-open and oy yy-closed.

(b) Union of cuay-connected subsets of X having a point in common is a x)-
connected.

(¢) Let P be a o yy-connected subset of X and M C X such that P C M C
apy-cl(P). Then M is oz x)-connected.

Definition 3.5. For a subset M of a topological space X, the a(y )-boundary
of M is equal to a xy-cl(M) N o ny-cl(M°).

In example 3.2, let M = (—2,0). Then the boundary of M is {—2,0}.

The following theorem gives a characterization for ay y/-connectedness in terms
of a y)-boundary.
Theorem 3.6. A topological space (X, T) is o ny-connected if and only if every
non-empty proper subset of X has a non-empty o )-boundary.
Proof. Assume that (X, 7) is a( )-connected. Let M be a proper non-empty

proper subset of X such that M has empty a(, »)-boundary. Then ap-cl(M)N
Oz(/\yx)—d(X\M) = @

= Oé()\’)\/)—Cl(M) C X\O&(,\,)\/)—CI(X\M)

= MC a()\)\/)—Cl(M) C a()\v/\/)—int(M) C M.
= M= Oé()\’A/)—Cl(M) = Oé(/\)\/)—il’lt(M).
Therefore M is both oy yy-open and oy y)-closed. That is X is not ag -
connected which is a contradiction.
Conversely, Suppose X is ay yy-disconnected. Then X has a proper subset M
which is both a(y y)-open and oy yy-closed.
= apy-cl(M) =M and ap yv)-cl(X\M) = X\M
= Oé(,\)g)-Cl(M) N Oé()\)\/)—Cl(X\M) = 0.

which is a contradiction. Therefore X is ay )-connected.

Definition 3.7. a(\y)-component of X is a maximal oy )-connected subset
of X.

Example 3.8. Let X = {a,b,c,d} and 7 = {0, X, {a}, {b},{c}, {a,b}, {a,c},
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{b,¢}, {a,b,c}}. Define A and X on aO(X) by
(M) ifde M
A(M)_{ M iftd¢ M

and
M ifde M

X(M>:{ (M) ifd¢ M

In this topological space {a,b,c} is not o, yy-component while {a,c,d} is a( -
component of X.

Theorem 3.9. For a topological space (X, T), the following conditions hold
(a) There is exactly one oz y-component of X containing x for each x € X.

(b) Each a vy -connected subset of X is contained in exactly one oy yy-component
of X.

(c) If the operations A and X' are a-regular, then every oz y-connected subset
of X which is both ayny-open and oy -closed is aq yy-component of X.

(d) Every aay-component of X is ay yy-closed subset of X.
Proof.

(a) Let € X and P = {P, : i € I} be a collection of a ) \)-connected subsets
of X containing x. Take P = UF;. Then P is o, yy-connected and z € P.
Suppose PP C P* for some «a(y y)-connected subset P* of X. Then z € P*
and P* is an element of P. This implies P* C P. That is P* = P. Therefore
P is ay yy-component of X.

(b) Let P be a a, ay-connected subset of X which is not a a(y »y-component of
X. Suppose P and P, are oy y)-components of X such that P C P, and
P C P,. Since P C Py N Py, that is Py N P, # (. Therefore Py U Py is oy ay-
connected and contains P; and P,. This is a contradiction to P, and P, are
a(xny-components. Therefore P is contained in exactly one a/(y yy-component
of X.

(c) Suppose M is oy ny-connected subset of X which is both oy y)-open and
a(v)-closed. By (b), M is contained in exactly one a(xny-component P of
X. If M is a proper subset of P, then P = (PN M)U (PN (X\M)) is a
a(xn)-disconnection of P. This is a contradiction. Thus M = P. Therefore
M is oy yy-component of X.
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(d) Suppose the a( x)-component P of X is not a(yx)-closed. Then o xy-cl(P)
is ay v)-connected and containing oy yy-component P of X. This implies
P = oy ny-cl(P). Therefore P is a(y x)-closed.

Definition 3.10. A topological space (X, T) is o ny-locally connected if for
every point x € X and every o yy-open set M containing x, there is a cx -
connected and oy yy-open set O such that v € O C M.

Example 3.11. Let X = {a,b,¢,d} and 7 = {0, X, {a},{a,b}, {a,c}, {a,d},
{a,b,c}, {a,b,d}, {a,c,d}. Define A and X' on aO(X) by

M itde M
MM)—{ MuU{d} ifd¢ M
and .
, M ifceM
)\(M>_{MU{C} ifec¢ M
In this topological space, a vy-open sets are (), X and {a,c,d}. Clearly X is ax -
locally connected.

Theorem 3.12. If X is a()-locally connected, then X has a base with oy xy-
connected and oy yy-open sets.

Proof. Let M be the collection of all a(y y)-connected and () xy-open subsets of
X. Let x € X and let O be ay yy-open set containing x. Since X is oy yy-locally
connected, there exists a(y y)-connected and a(yy-open set M € M such that
x € M C O. This implies O is the union of elements of M. Therefore M is a base
for the collection of all ay y)-open sets of X.

Theorem 3.13. a \)-locally connectedness is oy xy-open hereditary.

Proof. Let M be a y)-open subset of X containing x and let O be ay xy-open
set such that x € O C M. Then O is o yy-open set containing x in X. Since X
is aya-locally connected, there exists a(y y)-open set W containing x such that
r e W C O. Wis ap-connected and oy yy-open set containing x such that
r € W C O C M. Therefore M is oy y-locally connected.

Example 3.14.

(1) Sierpinski space, (X = {0,1},7 = {¢, X, {1}}), with the operations defined
by A(M) =cl (M) and X' (M) =M is both () y)-connected and oy xy-locally
connected.

(2) R, the set of real numbers with discrete topology on R and the operations
defined on aO(R) by A(M)=cl(M) and X'(M)=M is neither o, xy-connected

nor oy yy-locally connected.
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(3) In R with usual topology with operations A(M)=M and X(M)=cl (M), the
subspace Y = [-1,0) U (0,1] C R is a( x)-locally connected but not o -
connected.

4. uo-Compact Spaces
no-compact space was defined and some properties of jn-compact spaces were
examined in this section.

Lemma 4.1. v-operation is a restriction of A-operation.
Proof. Let M be an open set. Then M is an a-open set. Therefore 7 C aO(X).
Thus, A\, = 7.

It is clear that A-operation need not be y-operation.

Example 4.2. Let X = {a,b,¢,d} and 7 = {0, X, {a}, {d}, {a,d},{b,d},{a,b,d}}.
In this topological space a-open sets are (), X, {a}, {d}, {a,d}, {b,d}, {a,b,d},
{a,c,d}.

In the above example 2-open sets are {b,c,d} and {b,d}.

Here {b,c,d} is Q2-open but not open and {d} is open but not 2-open.

Therefore open and (2-open are independent.

Similarly {a,c,d} is a-open but not Q-open and {b,c,d} is Q-open but not a-
open. Therefore a-open and 2-open are independent.

Theorem 4.3. Let (X, 1) be a topological space with an operation v on 7, Y C X
and let M be a v-open subset of X. Then M NY is v-open in'Y if v(O) C M =
Y ONY)C MNY foralO €.

Proof. Let M be a y-open subset in X. Then for all x € M there exists an open
set O of X containing = such that v(O) C M. By assumption, y(ONY) C M NY.
Since ONY isopenin Y and M NY C M, for all x € M NY there exists an open
set O of X such that y(ONY)C M NY. Thus M NY is y-open in Y.

Corollary 4.4. IfY is open in X, then v-open sets in'Y are y-open in X.

Definition 4.5. An operation p on QO(X) is stable if u induces an operation
py : QyO(X) — P(X) such that py (M NY) = w(M)NY for every M € QO(X)
where QyO(X) ={MNY : M € QO(X)}.

Example 4.6. Let X = {a,b, ¢, d} and let 7 = {0, X, {a}, {c}{a,b},{a,c},{a, b, c}}.
In this topological space, Q-open sets are {c},{a,b},{a,c},{a,b,c}. Define p on
QO(X) by

o MU{bY if M= {d}
“(M)_{M if M £ {d}

Let Y={b,c,d}. Then the operation y is stable with respect to Y.
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Proposition 4.7. Let i : QO(X) — P(X) be an operation satisfying the following
conditions:

(1) M C u(M) for all M € QO(X).

(2) p@)=90.
If p is stable with respect to all proper Q2-closed subsets of X, then p is an identity
operation.

Proof. Let M be a proper 2-open subset of X. Then M¢ = P is 2-closed. Since
(4 is stable,

pM)NP = pp(MNP)
0)

This implies u(M) C M. Therefore (M) = M.

Theorem 4.8. Let (X, 7) be a topological space with an operation p on QO(X),
Y C X and let M be a pg-open subset of X. Then M NY 1is ug-open in Y if
pw(O)C M= puOnY)Cc MnNY forall O e QO(X).

Proof. Let M be a ug-open subset in X. Then for all x € M there exists an (2-open
set O of X containing x such that ©(O) C M. By assumption, u(ONY) C M NY.
Since ONY is Q-openin Y and M NY C M, for all x € M NY there exists an
Q-open set O of X such that y(ONY)C M NY. Thus, M NY is pg-open in Y.

Definition 4.9. Let (X, 7) be a topological space with an operation p on QO(X).
Then X is pug-compact if for every Q-open cover O of X, there exists a finite sub
collection {O1, Oa, ..., 0} of O such that X = U™ u(0;).

1=

Example 4.10. Let (N, 7) be a discrete topological space where N is the set of
natural numbers. Define the operation p on QO(X) by u(M) = N for all M € N.
This topological space is ug-compact.

Remark 4.11. pg-closed subset of pug-compact space is pg-compact.

Theorem 4.12. ug-compact subset of a ug-Ts space is ug-closed if the operation
1S o -reqular.

Proof. Let M be a pug-compact subset of X. Claim M is puq-closed. Let x € M°¢.
For all y € M, there exist (2-open sets P and @) such that x € P, y € ) and



Operation Approaches on Specific Open Sets 161

w(P) N p(Q) = 0. Using these Q-open sets, we can construct a Q-open cover
{O, : y € M} of M. Since M is pg-compact, there exists a finite collection
{01,0,,...0,,} such that M C U, u(0;). Let O = N',0;. Then O is Q-open set
containing x. Since O1, Os, ...0,, are (2-open sets containing x and pu is pgo-regular,
there exists Q-open set W such that W C p(W) C M¢. This implies M€ is pq-
open. Therefore M is ug-closed.

Theorem 4.13. Let (X, ) be a topological space with an operation p on QO(X)
which is stable with respect to Y where Y C X. If X is pg-compact and Y is
pa-closed, then Y is jq, -compact.

Proof. Let ¢ = {O;}icr be a Q-open cover of Y by QyO(Y)-open sets. Let
¢* C QO(X) be the set of all Q-open sets such that for all M € ¢*, M NY € ¢.
Since X\Y is pg-open, take a Q-open cover of X\Y say x = {N, € QO(X) :
u(N;) € X\Y,z € X}. Then the collection ¢* U y is a Q-open cover of X. Since
X is pg-compact, there exist a finite subcollection {O;,0,,...,0,,} C ¢* and
{N1, Ns,...,N,} C x such that

X = {UZp(05)} U {U7_ () }-

Then
Y = {ULu(0:) NYFU{U u(N;) N Y}

Since p(N;) NY =0 for j =1,2,...,n and p is stable with respect to Y,
Y = (U2 (0N V).

Therefore Y is 1, -compact.

Theorem 4.14. Let M be a subset of X and let p: QO(X) — P(X) and ps :
QuO(M) — P(M) be operations satisfying pn (ONM) C u(O)NM for any Q2-open
subset O of X such that MNO # 0. If M is [, -compact, then M is po-compact.
Proof. Let O be Q-open cover of M. Then {ONM : O € O} C QyO(M) is a
Qp-open cover of M. Therefore there exists a finite collection {Oy, O, ...O,} of O
such that M = U, up(O; N M) C U pu(O;) N M C U, u(O;). Therefore M is
Ho-compact.

5. Conclusion

In this article, we proved that, In a topological space X, there is exactly one
a(ny component of X containing a particular element x. Also we established
that, a(n-locally connectedness is an oy )-open hereditary and we conclude
that ~-operation defined by Ogata is an restriction of A-operation. We proven
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that Sierpinski space with particular operation is both ay yy-connected and oy x)-
locally connected. Also we defined and investigated the properties of ug-compact
spaces with illustrative examples.
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